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Given a periodic Tchebycheff System {y*}E, it is proved that there exist two 
functions yzn+l , yzn+a , such that also the system { yj}~~~2 is a periodic T-System. 
Notation. In this paper, the letter e will denote the unit function: e(t) = 1, 
and the symbol u (r;;:::;t, gn) will denote the determinant of the matrix 
jIyi(ti)l[~,j=o. Given an ordered set A, a system of real continuous functions 
defined on A will be called a Tchebycheff System (T-System) on A, provided 
that, for every set to < tI < ... < t, of points of A, 
The system { yi}& will be called a Complete Tcheb ycheff System (CT-System) 
on A, provided that {yi}f=a be a T-System on A, for K = 0, I,..., 71. For 
definitions of the other terms employed in this paper the reader is referred to 
the monograph by Karlin and Studden [l]. 
Given a T-system {yi}F=a , defined on an interval I, it was recently proved 
by Zielke [6], and by this author [7], that there exists a function yn+i , 
such that the system {yi}~~~ is a T-System on I. The question naturally 
arises as to whether this assertion is also true when the system is defined 
not on an interval, but on the unit circle, i.e., when the system is periodic. 
It is well known, and easy to show (cf. Lemma 4), that for the system (yi}T=,, 
to be periodic, n must be even, and thus it is clear that the problem just 
stated has no solution. The purpose of this paper is to show that, nevertheless, 
there exist two functions yn+i, ynfl , such that { y,}rzt is a periodic T-System. 
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The proof is based on an integral representation of Tchebycheff Systems, 
which was first stated by Rutman [2]; a proof of the validity of this representa- 
tion can be found in [3]. 
LEMMA 1. Let p(t) be a continuous and strictly increasing function dejined 
on a bounded OY unbounded interval (a, b), such that p vanishes at a point 
c E (a, b). Then, there exist two continuous and strictly increasing functions q and 
r, defined on (a, b), such that q is strictly positive and bounded on (a, b), and 
z’(t) = j’ q(s) W), 
e 
(1) 
for every point t E (a, 6). 
Proof. Let u be a strictly positive, strictly increasing, bounded and 
continuous function on (-co, co), (for example u(t) = et on (--co, 01, and 
u(t) = 2 - e-t on [0, cc)), and let v(t) = $, u(s) &. Clearly, 
t = v[v-l(t)] = l@IL) u(s) ds. 
Since v-r(O) = 0, and v-r is continuous and strictly increasing on (- 00, co), 
by a change of variable we conclude that 
t = ot u[v-l(s)] dv-l(s). 
s (2) 
Thus, 
p(t) = JO,,t, u[v-l(s)] dv-l(s). 
Since alsop is continuous and strictly increasing, and p(c) = 0, we conclude 
that 
~(4 = s’ G+(PWN dv-‘rpW1. e 
Defining q(t) = u[v-Q(t))], and r(t) = v-l[p(t)], the conclusion follows. 
Q.E.D. 
LEMMA 2. Let p be any strictly increasing function dejked on a bounded or 
unbounded interval (a, b). Then, there exist two functions u and v, bounded on 
(a, b), such that the system {e, u, o, p} is a CT-System on (a, b). Moreooer, the 
functions u, v have the same discontinuities asp, and are right (or left) continuous 
at a given point ;f, and only ;f, so is p. 
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Proof. From Lemma 1, there exist two continuous, strictly increasing 
functions q1 and y1 , with q1 bounded, such that 
t = ot ql(s) dr,(s) 
I 
on (---co, a>. 
Applying Lemma 1 to q1 - ql(0), we know that there exist two continuous, 
strictly increasing functions q2 , ra , with q2 bounded, such that 
Thus 
t= h(’ 4&J ~f-z&J Wl) + QlW s,t h(s) on (--co, a>. 
Let 
and 
Xl = Yl , %W = it r*(s) W), 
By a procedure similar to the one employed in the proof of [l, Chap. XI, 
Lemma 2.11 or [3, Lemma], we conclude that {e, z, , za , za) is a CT-System 
on (-CO, co), and therefore also {e, xi, za, t}. Defining u(t) = z&(t)], 
v(t) = x,[p(t)], the conclusion follows. Q.E.D. 
LEMMA 3. Let {yi}~zO be a system of continuous functions defined on an 
interval [a, b], having a representation of the form 
rdt> = Y&> St dPl(S) 
e 
Y&J = YOW s7’ dPd%) dPl(Sl) 
c c 
(3) 
mw = Yo(4 JqS’ *-* j-y ~Pn(Sn) dPn-dsn-1) *-- dPl(Sl) c c 
on (a, b) where y,,(t) > 0, c E (a, b), and the functions pi are strictly increasing 
thereon. If yi(a) = yt(b) = 0, i = 0 ,..., n - 1, then there exist two continuous 
functions z1 , z2 , defined on [a, b], such that {y,, ,..., ynml , z, , .z2 , yn} is a 
CT-System on (a, b), and xi(a) = zi(b) = 0, i = 1, 2. 
376 R. A. ZALIK 
Proof. Applying Lemma 2 to the function p(t) = ]i dp,(s), we conclude 
that there exist two functions U, v, bounded on (a, 6) such that {e, u, v, p} 
is a CT-System on (n, b), and such that they have the same points of dis- 
continuity as p, and have the same type of discontinuity as p at these points. 
Thus the functions 
and 
zz(t> = Y,(t) Jy’ ... 1‘@ vbn-1) dPn&-I) .** dp,(s,) 
c c e 
are well defined in (a, b) (cf. [4, Chap. II, Theor. 13.171). Using again a 
procedure similar to the one employed in the proof of [l , Chap. XI, Lemma 
2.11 or [3, Lemma] we conclude that {ya ,..., yn-r , zr , za , ye} is a CT- 
System on (a, b), as we requested. The vanishing of the functions x, , and za 
at the end points follows from the boundedness of the functions u and v, 
and the fact that y,,(a) = y,(b) = 0. Q.E.D. 
We shall now remind the reader of the well known. 
LEMMA 4. Let {Y~}~:o~ be a set of continuous functions on an interval [a, b], 
such that it constitutes a T-System on (a, b), andyi = y,(b), i = O,..., 2n - 1. 
Then, for every set {ti):!!i2 of points of (a, b), 
Proof. Making use of the fact that the functions yi are continuous, we 
obtain 
Q.E.D. 
Finally, we shall need the 
LEMMA 5. Let (yi}fzO be a set of continuous functions on an interval [a, b], 
such that it constitutes a T-System on (a, b], and (yi}fE;l constitutes a T-System 
on (a, b). Ifyi(a) = y,(b), i = 0 ,..., 2n - 1, then y,(b) = 0, i = 0 ,..., 2n - 1. 
Proof. Assume that y,(b) # 0, for some integer j, 0 <cj < 2n - 1, and 
let yLn = yzn + hyj , where h is such that y;,(b) = 0. Obviously, also the 
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system 1 y. ,..., ys,+r , yin} is a T-system on (a, b]. If therefore a < t, < .*. < 
tan-r < b, it is clear that, since y;,(b) = 0, 
But, from Lemma 4, we know that 
” (t Yo ,***,Y2n-1 0 ,...> tj-1, q-+1 ,..., 4%--1, b ) = 0, j = O,..., 2n - 1, 
which is a contradiction. Q.E.D. 
THEOREM. Let {u~}~~,, be a T-System on the unit circle K. Then, there exist 
two continuous functions uZnfl , u2n+2 such that also the system {z@~” is a 
T-System on K. 
Proof. Without any loss of generality, we can assume that the functions 
(u~}~~~ aredefined on an interval [a, b], constitute a T-System on (a, b], and 
q(a) = g(b), i = O,..., 2n. If n = 0, we can take q(t) = u,,(t) cos d’t and 
z+(t) = uo(t) sin d’t, where d’ = 2m/(b - a). Assume therefore that n > 0. 
From [5, Cor. 21, there is a basis {z~}~~~ of the linear span of {~~}~~a , such that 
it constitutes a CT-System on (a, b). Thus, from [2, Theor. 31 or [3, Theor. 
11, there is a basis { yi}$ of the span of {q}fJ& , having a representation of the 
form (3) on (a, b), where the functions pi are strictly increasing thereon, and 
c is any given point of (a, b). Thus (yi}& is a CT-System on (a, b) (cf. [3, 
Lemma] or [2, Theor. 31, whence from [7, Lemma 21 it is a T-System on 
(a, b]. From the same Lemma 2, it is also easy to see that in order to solve 
the problem for the system {u~}:!~ , it will suffice to solve it for the system 
(yi}~~=“o. Applying Lemma 5, we conclude that 
y,(b) = 0, i = O,..., 2n - 1, (4) 
(and thus yzn(b) > 0), whence from Lemma 3 there exist two continuous 
functions u21a+l and u2n+2 such that 
U&Z) = q(b) = 0, i=2n+ 1,2n+2 (5) 
(i.e., they are periodic), and such that {y,, ,..., y2+i , uZn+i , u2n+2 , yzn} is a 
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CT-System on (a, b). Let a < t, < ... < t2n+l < 6. Then, from (4) and (5), 
Q.E.D. 
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